The aim of the work is to confirm and to clarify a result in an earlier paper which showed that the refractive index of an ionized medium is given by /^2 -1 = -47rNe2lmv2 and not by the corresponding formula in 3(/^2-1)/(/^2 + 2). This is done by a direct analysis of the effects of collisions between free electrons and positive ions. It is shown that the perturbation of the electron's path by the light has a secondary effect during a collision, so that if before entry into collision its position was displaced sideways, it will emerge from the collision with a changed velocity. The average effect of such changed velocities is equivalent to an 477 acceleration, which reduces the effective force on the electron from E + -P to E. This result is proved first for a positive ion composed of a uniform spherical charge, then for a proton and finally for any centrally symmetrical distribution of charge. Though it has not been proved for a system of unsymmetrical charges arbitrarily orientated, such as ionized molecules, there can be little doubt that the result is general.
I n t r o d u c t io n
In 19341 wrote a paper* under this title the aim of which was to show th a t whereas some writers favoured the use of the Lorentz formula in determining the refractive index of an ionized medium, it was in fact correct to make use of the older Sellmeyer formula. The two formulae are:
r z 3 (^-1 ) fi2
(1*2)
For most cases the difference between them is not large, so th a t L may be regarded as a correction to S, and to discuss the distinction may appear somewhat trivial. But it is not trivial for the most interesting case, th at is the reflexion of wireless waves from the ionosphere. The question here is whether it is or th at is to be equated to -4nNe2/mv2, where N is the electron density and v the radian frequency, f The reflexion is determined by the condition 0, and it will be seen th a t if S is used N is mv2/4^e2, but if L it is half as great again. Thus until the m atter is settled there is a possibility of a 50 % error in our determination of the number of free electrons in the upper air.
The earlier paper fell into two parts. Its first six sections were a critique of the older methods and aimed a t showing how unreliable such methods were. Only negative conclusions were reached, and to overcome the difficulties a new method was introduced in the later sections which avoided them. This method justified the use of the S formula for an ionized medium, and while no claim could be made for the sort of rigour th at appeals to the pure mathematician, the demonstration was at least as good as many th a t have to be accepted in the more difficult branches of physics. The present note returns to the point of view of the first half of the paper, and shows th a t from such a starting point the same result is obtained. The previous criticism, which was negative, in th a t it only pointed out fallacies in the argument favouring L, is now turned into a positive confirmation for S. The ideas behind the present work are largely contained in § § 4-6 of the earlier one.
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2 . P o l a r iz a t io n a n d f i e l d s t r e n g t h
In the ordinary development of the theory of refraction the two chief quantities are E the electric field strength and P the polarization. Once these are related together the refractive index is given by ju2E = E + ±ttP .
(2-1)
For an isotropic dielectric medium Lorentz shows th a t it is reasonable to suppose th at the average force acting on the electrons in an atom from outside is
F=E + ^P , (2-2) O
and this value is justified by comparison of the index of a liquid and its vapour for many, but not all substances. There are many difficulties in taking over these ideas for a medium composed of free electrons interspersed between positively charged atoms; indeed, it was these difficulties of definition which encouraged me in the earlier paper to develop a method entirely free from them. Here, as I am returning to the more ordinary method, some consideration must be given to the meanings of P and E.
We shall take as our medium a collection of arbitrarily placed fixed positive charges, in the simplest case protons, and moving among them an equivalent number of free electrons at high velocities. As it stands the idea of polarization is not present in this, but it is obviously to be introduced by the following considerations. When there is no light present the electrons describe orbits composed of a succession of straight lines in free space and curves past the ions, and if we omit the question of recombination there is no consequent emission of light. When a source of light is superposed it perturbs the electrons' orbits, making the linear parts slightly sinuous and affecting the hyperbolic parts in a manner which we shall have to examine. This motion is described mathematically by saying th at the perturbed electron may be replaced by the unperturbed one together with a small dipole travelling with it, and th at it is only this dipole which gives the polarization and so is responsible for optical effects.
The field strength Ei s a much more difficult matter. In the static case conducting medium composed of polarizable atoms E is defined with the help of a pipe-shaped cavity, whereas F is measured in a spherical cavity. I t is sometimes loosely said that to use F is to allow for the polarization be allowed to obscure the point th at E as well as F depends on the polarization. For a non-conducting medium these ideas may be taken over without difficulty when E varies with the time as in a light wave, but the m atter is very different for a conductor. Here there is no static case at all, and though we have seen th at polarization can be given a meaning, it is by no means elementary to see how to define E. In particular if the definition is to be made by means of a cavity, some rule must be laid down about what happens when a free electron crosses into this cavity. I t has indeed been these difficulties th at have caused the doubt attaching to the whole subject.
In § 5 of the former paper a derivation was given of the relation of to in a dielectric, which is rather different from the ordinary one. I t was supposed th at F was the average force on an electron placed anywhere outside the atoms of a polarized medium. If an electron is carried down the field along an arbitrary line, this line will cut through some of the atoms. During its passage through an atom the electron will come under an opposing force (like the opposing force inside a permanent magnet), and allowance must be made for these 'depolarizing' forces. The con sequent average force for the whole line is F --P, and this at once shows th at it is E rather than F that should be regarded as effective on any particle th a t is not debarred from entering the atoms. For a medium composed of free electrons and fixed charges and no dipoles it is not obvious th at there will be a similar effect, but it will be shown by the present work th at there is. The result is a dynamic not a static one, and it is not possible to deduce it without considering the deflexions of the electrons during their collisions. Consequently no simple consideration of energy will suffice as it does in the static case.
I t is possible th at satisfactory definitions and reasoning about E could be found which would yield the result directly, but part of the purpose of the present work is to gain insight into the ordinary type of argument. For this purpose I shall be content to adopt Lorentz's argument and shall assume without further discussion th at the 477-force acting on an electron is on the average + -Sufficient justification the present argument is that it was the use of this formula th at suggested the correctness of the L expression, whereas it will be shown th at on the contrary it leads to S.
Sir Charles Darwin

. P e r t u r b a t i o n e f f e c t o f c o l l is io n s
That the collisions may have an important effect is easily seen. If the time of a collision is short compared to the period of the incident light, then during the collision the direct effect of the external force is negligible. In figure 1 are con structed a number of sketches of orbits of electrons colliding with a proton. In each diagram there is an unperturbed orbit travelling from A to B, and alongside it a perturbed orbit from A 'to B '. Both orbits ar their starting points. The external force F is down the page, and is a constant height £ above A .
In the line orbit 1 the perturbed electron follows the path of the unperturbed, but a little behind and it is clear that the effect is exactly to reverse the moment. This orbit was described in § 6 of the former paper. In 2 the unperturbed orbit is again a line, but the perturbed electron has now a small angular momentum and not only is B B ' now negative, but the direction of the perturbed path is different so th a t B B ' is increasing negatively with the time. Orbit 3 is similar but with less marked character than 2, again giving B B ' negative. Orbit 4 on the other hand shows th a t the final moment is not necessarily negative, since in this case B B ' is both positive and increasing positively as the point B moves away from the centre.
These sketches show th at the effects of collisions are very various, and th a t it is necessary to examine them thoroughly.
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. Co n d i t i o n s o f c o l l is io n
We shall make certain assumptions, satisfied in the important practical cases, which enable us to discriminate sufficiently between the regions where collisions occur and the regions of free space between. At the end a limiting process will remove these assumptions. They are precisely those made in § 9 of the former paper.
I t is assumed th at a sphere of radius 6 can be described surrounding each positive ion which satisfies the following inequalities:
Here N is the numerical density of electrons, V is the velocity of any electron during its free path, v is the frequency of the light, e and m are charge and mass of the electron.
Condition (I) implies that the regions of collision occupy a very small fraction of space. This makes it improbable th at two electrons will be simultaneously in collision with one ion, and the possibility of such double collisions will be neglected.
Condition (II) implies that during a collision the direct effect of the external force is negligible. Since the time of collision is of order , the displacement directly due to F in this time is of order --, which is m m \ V) placement which is of order eF/mv2. Thus in calculating moment during a collision the direct effect of F may be neglected, which much simplifies the problem.
Condition (III) implies th at at entry into a sphere the electron has only in finitesimally greater velocity than at infinity, because -e2/6 is its potential energy a t this point. I t is thus the natural description for a collision region.
By these conditions we have separated space into the regions of collision and those outside, and may take it th at outside the electron is only perturbed by F , the force of the light, while inside any b sphere it is only acted on by the central force of th at ion.
In addition to colliding with ions the electrons also oollide with one another, but it is easy to see th at such collisions produce no effect a t all. In such a collision, though the velocities of the electrons may change, the law of momentum ensures that the sum of the velocities of the pair is unchanged. This applies both to the un perturbed and to the perturbed orbits, and therefore to their difference. A collision between two electrons thus produces no change in the sum of their dipole moments, and therefore in the polarization.
. U n i f o r m l y d i s t r i b u t e d c h a r g e
We now have the following problem in central orbits. The unperturbed electron enters the sphere of radius b on an arbitrary fine, describes its orbit (for the case of a proton a hyperbola) and emerges. A t its moment of entry the perturbed electron is at a point a small distance £ from it in the direction of F, and is moving with a velocity of which the component in this direction differs by an amount £. At a certain later time the unperturbed electron emerges from the sphere. W hat is the relative position and velocity of the perturbed electron at this moment? Since transverse displacements will average out, it is only the component in the direction of F th a t matters.
The calculations are fairly intricate even for the case of the hyperbola described round a proton, and it will make the whole argument more evident if we first discuss a much simpler model for which the solution is elementary. This consists in a sphere of radius b entirely filled with a uniform distribution of positive electricity of total charge -e.
At the surface the electron is attracted with force e2/b2. To simplify writing we shall set e2/m = M, (5*1) and shall regard the electron as having unit mass. At any point inside the sphere a component of the force is then -Mx/b3.
k2, the equations of motion are
(5*2)
Let l be the direction cosine of approach for the unperturbed electron, and let A be the direction cosine of the radius drawn towards the centre from the point of entrance. The orbit is then x = -Ab cos kt + {IV/k) (5*3)
The time of exit is easily found to be given by
There is no need to carry out the exact solution, because in view of condition (III) V2% Mjb = b2k2, so th at ktx is a small angle and we may write
This merely means that on account of the high velocity the orbit is nearly straight and the time is practically that which would be taken in moving on a straight line at constant speed along a chord of the sphere. The perturbed electron starts a t the same time but from position differing by £ and with velocity differing by £, in the direction of F, which we will take as the z-direction. Then the perturbation at any time is 8z = £ cos kt + {ilk) sin kt, and approximating sufficiently we have at exit
The new term in (5*5) is unimportant since it does not depend on M and merely signifies th at £ grows steadily in the time tx on account of the initial value of £. The important effect of the collision is that, as shown in (5*6), the initial displacement is responsible for a final velocity. Figure 1 illustrates this fact. Thus the collision produces a change of velocity of amount
We are to find the average consequences of this. Taking the average for all directions and lines of approach, we have and so the average effect of collisions is th at in each interval of time At the velocity is changed by an amount
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The important point about this is to note th at b has cancelled out, so th a t the artificial assumption of a separation between collision and non-collision regions has disappeared. Observe also that V has disappeared so th at the result in no way depends on the distribution of electron velocities, apart from the condition th a t V must be large. The effect of collisions on an electron may be re-expressed by saying th at on the average they produce an acceleration
Replacing M from (5-1) the equation of motion of the electron is therefore that is the S formula.
Sir Charles Darwin
G e n e r a l f o r m u l a f o r e f f e c t
The preceding section discussed a very artificial model and we have to evaluate the quantity similar to (5-8) for other more natural atoms. I t will be shown th a t exactly the same result follows when the positive charges consist in any distribution of electricity with perfect spherical symmetry. The method of general dynamics is the most convenient method of attack on the problem.
Since the mass of the electron is taken as unity, the co-ordinates and velocities x, y, z; x, y, z constitute a canonical set of variables. We apply a canonical formation into the following variables: Px the energy, P2 the angular momentum in the plane of the orbit, P3 the angular momentum about the z-axis which is the direction of the initial displacement £. P2 is to be taken positive, and the inclination of the orbit is defined by cost = P3/P2. The conjugate variables are the time measured from the apse; Q2 the angle from the ascending nod the longitude of the ascending node.* In the plane of the orbit we take a pair of axes of which X is along the apse and Y at right angles. Then X and Y, X and Y are functions of Px, P2 and Qx in a manner depending on th independent of the other three variables.
* A hyperbolic orbit itself m ay have only a single node, so th a t the term 'ascending n o d e ' is som etim es a m isdescription. It is not hard, however, to see th a t a com plete and unique description of all orbits is given b y considering both intersections o f th e plane o f th e orbit with the x yp lane as nodes. The com plete set o f orbits is then included in th e ranges
The canonical transformation converts the unperturbed orbit into Qx = t -ta, where ta is the time of passage through the apse; the other five elements are all constant. At entry Q\ = -ta, and the time of exit is 2 For the perturb the five constant elements are all slightly changed and the time is given by The entry and exit times will be counted as those of the unperturbed orbit regardless of the fact th at the perturbed electron is not at those moments exactly on the sphere of radius b. Then in Q1-space the perturbed path is parallel to the unperturbed at a distance SQ1 = -Sta above it, so that 8Q is a consta of the fa ct that Qx is the current co-ordinate. It was seen in § 5 th at the important quantity to evaluate was the £ at exit arising from £ at entry, and th a t the £ at exit did not m atter, nor did the exit values consequent on £ at entry. The same result must be established in general, but it will be convenient to defer the discussion until § 9. We have therefore to determine the variations in the six elements at entry due to the perturbation I t is to be evaluated a t the point of entry. By the property of canonical trans formations this may be replaced by 
SQ, = -i
[ * sin Q, + t cos < 3J 0.
We have to estimate the effect th at the quantities (6-2) will produce on a t the point of exit, and this is made possible by the symmetry of a central orbit about the apse. 
+ d t d t d t , , -' Y '
ggr-a l y aFa are odd funetlon8'
Then, denoting the exit point by X , etc., without affixes
The consequent change in s is given by (6-3)
Writing in z from (6*1) and substituting from (6-3) the formula can be considerably reduced. After the reduction one further simplification can be made, for
which is useful since 6 is to become large. . . ". _ T , ,^d t Lc tl This is now to be averaged for all directions and lines of approach, th a t is to say for P2, P3, Q2, Qz. I t will appear th at it is unnecessary to average for Px. The averages for Q2, Q3 are obvious, for the others we have jd P 2dP3 = P2dP2 si The average of cos2 i is 1/3 and of sin2 i is 2/3. Moreover, the greatest value of P2 is approximately bV, so th a t the normalizing factor for P2 is 2jb2V2 and we have I t may be noted th at the integrand contains implicitly, so th a t the first term cannot be integrated as it stands.
A p p l ic a t io n to c a s e o f § 5
Before attacking the proton it will be well to exhibit the result for the model of § 5, since there is a rather difficult point in the proton case which will be illustrated thereby. For the uniformly distributed charge of § 5 we have
where / is less than b, and g much greater than b. Then, measuring the potential energy from infinity, we have From these Qx is to be eliminated through the condition, expressed in terms of Pi, P2 and Qx, that X 2+ Y 2 = b2, and the simplest way to do this is to recall th at the orbit is nearly a straight line in the Y direction. Then kQx is a small angle, and Qx is the time of flight from the apse, that is f(b 2-f 2)/V, while P2 -fV to sufficient approximation. The integral is thus /;
-3 k P k*J(b2V2 -P$) (7-3) which on substitution for k2 gives -MV, and so verifies (5'8).
VoL 182. A.
A p p l ic a t io n to p r o t o n
We now consider the case of a proton. The orbit here is most conveniently described in terms of major axis a, eccentricity secy, and ijr the hyperbolic eccentric anomaly. In these variables
The condition (III) implies immediately th a t a^b and we shall therefore expand the necessary expressions in powers of ajb. An inspection of the integrand in (6*5) reveals a great distinction between the present case and th a t of the preceding section, for there the two terms were of similar magnitude, whereas here they are quite different. In the second term X is of order b and P2 a t the dXjdP1 are independent of b. There is a factor 63 in the denominator and therefore it is only necessary to calculate the leading term of its expansion. On the other hand the first term of (6*5) has a factor P2 in some of its parts, and on integration might yield a term in 62 and therefore it is necessary to carry the expansion for it to three terms.
The expression of the various differential coefficients in terms of the new variables calls for no comment. After carrying it out we substitute c o sh^ = cosy(6 + «)/«, and to simplify writing the formulae shall retain tanh xjr, which is The necessity for this careful evaluation arises from the fact th at at the outermost point y is nearly a right angle so th at tan y becomes large, and also dP2 gives a factor in sec2 y . Adding the terms together the integral becomes and it will be observed that the two terms in Ma/b2 not involving cos2y have can celled. The last term may be integrated and is found to involve b in the form log 6/62 which is negligible. The leading terms of (8-7) may be integrated up to 7r/2 without significant error, and the factors tanh \js and (1 + a/6)2 are unity to this approxima tion. The integral is thus
as it was in §5. The remainder of the argument goes as before and yields the S formula.
The cancellation of the two terms, referred to in the paragraph above, is important, for each yields a term \M V,which taken by itself would entirely have c refraction formula. This cancellation explains why it is possible th at in the proton the leading term of (6-5) should be responsible for practically the whole of the effect, whereas for the distributed charge the second term contributed one-third of it. This seemed paradoxical because there is no very different quality in the two fields for orbits which do not pass very near the origin, so th at it would have been expected th at for the proton also the second term would make an important contribution.
The paradox has been cleared up by seeing th at the first term yields a contribution which cancels the effect of the second.
The expressions (8*5) taken only to their leading terms may also be substituted in (6-4) to yield the data from which the curves of figure 1 were drawn. The result is 8z = -(£F /a) cos2 y{ 2 cos2 i + sin2 cos 2y + cos 2Q2)}.
The extreme values of this are respectively -2^Vjct for the line hyperbola a t the equator in figure 1*2 and + \ E , V / af or the rectangular hyperbola in
O t h e r e f f e c t s o f p e r t u r b a t i o n
We must now examine the perturbations due to £ at entry, and verify their unimportance. The calculations follow the same course as in § 6 and § 8. They will not be given, but for the guidance of anyone wishing to check the rather intricate calculations it may be mentioned th at in these cases it is the second term of the expansion in powers of a / bt h at yields the leading term in the resul view of this the greatest value of P2 must be taken as + 2 V, instead of the approximate value bV.
The results are:
The order of magnitude of | is so th at the second term in (9*1) bears ratio vb/V to the first, and this is negligible by condition (II) of § 4. The first term of (9*2) can be best understood by reference to figure 1. I t will be seen th a t the per turbed orbit roughly follows the unperturbed up to the apse and then branches off from it in a different direction. The time of flight of this second half is roughly b/V, so that the first term of (9-2) merely expresses the same fact as the first term of (9*1), and since the effect is fully allowed for by (9-1) there is no need to pay attention to it. The second term of (9*2) is negligible on account of condition (I) of § 4. It arises simply from the fact th a t on the average an electron spends a 4:7T fraction -Nb3 of its time in collision, so th a t during time the value of £ is O increased on account of collisions by this fraction of At multiplied by
In consequence of these considerations it will be seen th at the first term of (9-1) is the only one that matters, so th at the neglect of the rest was justified in § §6-8.
E x t e n s i o n to g e n e r a l c e n t r a l f i e l d
Now th at the convergence of the integral has been established, a much simpler method can be used which can be extended to more complicated fields of force. From (8*5) we see that as first approximation. These hold except for orbits in which the apse is far from the centre, where they would break down because their \Jr is no longer large. We have seen th at these remote orbits give no contribution to the integral, and may therefore omit the corrections they would make. The approximations (10T) are now indepen dent of Qx and therefore the first term of (6*5) can be integrated as it stands and gives which is -M V just as before. Consider now any spherically symmetrical distribution of charge in the ion, say a nucleus and a cloud of electrons rigidly bound round it. If the apse is outside the cloud the orbit will be just as before, but, if the apse is inside the cloud, the near part of the orbit will be changed in a manner th at depends on the law of force. At some later point in its orbit however the electron will emerge from the cloud and will then describe the remaining part of a hyperbola. If this hyperbola were produced backwards it would come to an apse on a line at some angle a to the true apse. The hyperbola is then described by a and y as before together with a which, since we do not need to consider variations in the energy, may be regarded as a function of y. This function could be determined if we were given the field of force, but all th at we need to know aboubit is that it vanishes when the apse is outside the cloud, th a t is to say when P2 and therefore y is greater than a certain quantity.
To evaluate the integral we are only concerned with the value of the velocity on the sphere 6. This is now Since a = 0 at the upper limit, and y = 0 at the lower, this again gives -M V. Though it has little practical interest, it may be noted th at this result is also true when there is no point charge at the centre, even though in that case the orbit of zero momentum passes right across the origin instead of being returned along the way it came.
One further generalization is easy. We have hitherto taken the nucleus as singly ionized, but this is unnecessary. Suppose th at it is ionized s times. M is altered into sM. In forming (5-7) however N occurred as the number of ions which a given electron would meet, and since N is defined as the electron density we must now substitute N/s in order that the gas should be uncharged. The factors therefore cancel and the degree of ionization is immaterial.
D i s c u s s i o n o f g e n e r a l iz a t io n
It. has been shown that for a centrally symmetrical ion of the most general type, the process of collision produces dynamically a 'depolarizing' effect, reducing the and so the integral is effective average force on an electron from F to E. I t is hardly possible to doubt th at this result is true for an unsymmetrical distribution of charges in the ion, for example, for an isotropic assembly of ionized molecules, bu t the present method cannot handle the problem, since it essentially depends on the symmetry of the orbit about the apse. I t is not easy to see how this more general result could be proved, bu t it may be of some interest to state it as a curious theorem in attractions:
An arbitrary distribution of attracting m atter is rigidly held together in a limited space. In gravitational units its total mass is M. A sphere of large radius b is drawn round it. A unit particle approaches this sphere a t velocity V, this velocity being so high th a t F 2^ M / b ,describes its orbit and emerges. I f this orbit before en displaced parallel through a small distance £ along the 2-direction, the orbit will be changed, and the emergent place and velocity with it. Let the 2-component of the emergent velocity differ from th a t for the first orbit by 8z. Let this now be averaged for all lines and directions of approach, and also for all orientations of the attracting m atter. The theorem then asserts th a t The configurations of the polyvinyl acetate, and the acrylate and methacrylate polymers revealed by electron photographs suggest a zigzag C-atom chain for the long main chain, which has the 1, 3 structure, with the side-chains alternately on the right and the left of the zigzag chains and on planes approximately perpendicular to the axis of the main chain. These side-chains are subject to lateral cohesive forces, which group them in clusters. In the clusters the side-chains tend to arrange themselves parallel to one another. In the lenses the clusters consist of a small number of side-chains without any apparent arrangement, whilst the multilayer pattern indicates a certain orientation of the side-chains with perhaps a larger number grouping together.
The patterns indicate an 4 amorphous ' character which is attributed to the tendency of the side-chains to close-packing in clusters, producing distortion of the main chain and thus preventing adlineation.
On the basis of this configuration some of the elastic properties of these polymers are discussed, and a note is made on the occurrence of high elasticity.
